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Abstract

Flow-induced oscillation of an elastically supported circular cylinder subject to an incompressible fluid at Re ¼ 100

and 400 has been studied using three-dimensional simulations. The cylinder is either subjected to a uniform flow in an

unconfined surrounding or confined by rectangular channel, i.e. the cylinder is confined in both the span-wise and the

cross-stream directions. The cylinder surface is represented by a virtual boundary method which replaces a solid object

in flow by additional force distribution to satisfy local boundary condition. The simulations have been performed for

nondamped cylinder with low mass ratio. For the unconfined cylinder, the effects of Reynolds number are studied. The

effects of confinement have been investigated by varying the extent of the channel (and thereby also the cylinder length)

in the span-wise direction. The maximal amplitude is found to be decreased by the confinement. For very strong

confinement (short cylinder) the motion of the cylinder is governed by the natural frequency of the structure even

beyond synchronisation range. The upper boundary of the synchronisation range exhibits no dependency on the

confinement, only on Reynolds number.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The interaction of the flow with solid structures is a central problem in many industrial applications, e.g. flow in gas

turbines around blades and foils, air motion around cables and chimneys, water motion around offshore riser pipes etc.

Reviews on flow-induced vibration of structures have been published by Parkinson (1989), Bearman (1984) and

Sarpkaya (1979). One of this class of problem is the canonical problem of the flow-induced vibration of an elastically

constrained three-dimensional circular cylinder. The vibration is permitted only transverse to the free-stream. The

system is described by the following structural parameters: mass m (associated density rb), damping b, spring constant

k and cylinder diameter D. The fluid parameters are the fluid density r, kinematic viscosity n and free-stream velocity

U1. One of the important notions related with oscillating structures is a natural or mechanical frequency of the

structure oN ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
. The equation of motion of the cylindrical structure, determined by the structural parameters m,
e front matter r 2007 Elsevier Ltd. All rights reserved.
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b and k, is

m
d2x

dt2
þ b

dx

dt
þ kx ¼ Fx, (1)

where Fx is the instantaneous lift force and x is the transverse displacement.

In practice, Eq. (1) usually is recast into a nondimensional form. In the literature several ways of

nondimensionalisation (and, respectively, several sets of nondimensional parameters) are used. Traditionally,

nondimensionalisation is performed by introducing the structural quantities

x� ¼
x

D
; t� ¼ toN ; z ¼

b

2
ffiffiffiffiffiffiffi
km
p ; U� ¼

U1

oND
, (2)

which leads to the following form of Eq. (1):

d2x�

dt�2
þ 2z

dx�

dt�
þ x� ¼ CxnU�2, (3)

where Cx ¼ 2Fx=ðrU2
1DLÞ is a transverse force coefficient and n ¼ rD2L=ð2mÞ is a mass parameter. The structural

parameters defining the behaviour of the system in this case are z, n and U�. As one can see, oN ¼ 2pf N is used in

scaling of time and velocity, producing the so-called ‘‘reduced velocity’’ U�. However, in the situation when m ¼ 0 or

k ¼ 0, the damping z or the natural frequency f N can be infinite and this may lead to certain difficulties. To avoid this,

another set of nondimensional parameters, based on scaling with flow variables rather than the mechanical ones, have

been introduced by Shiels et al. (2001), namely

x� ¼
x

D
; t� ¼ t

U1

D
; m� ¼

2m
rD2
¼

prb

2r
; b� ¼

2b
rU1D

; k� ¼
2k

rU2
1

, (4)

where m, b and k are the mass, damping coefficient and elasticity coefficient per unit span, respectively. This leads to the

following form of Eq. (1):

m� €x� þ b� _x� þ k�x� ¼ Cxðt
�Þ. (5)

Here all derivatives are taken with respect to t�, Cx is the usual nondimensional transverse force per unit span, exerted

on the body by the flow. In this case, the structure motion is determined by the nondimensional mass m�, damping b�

and stiffness k�.
Studies of flow-induced vibration of different structures have often been focused on finding the conditions (or

combinations of flow and structural parameters) which may lead to high amplitude vibration of the structure. Often this

occurs in the resonance case when the vortex shedding frequency f s is close to natural frequency f N (so-called ‘‘lock-

in’’) (Feng, 1968; Koopmann, 1967). When the cylinder oscillation frequency f is synchronised with the shedding wake

frequency, a good approximation of the force FxðtÞ and the cylinder displacement xðtÞ in Eq. (1) is

FxðtÞ ¼ F0 sinðotþ fÞ; xðtÞ ¼ A sinðotÞ, (6)

where o ¼ 2pf , f is the phase angle between the fluid force and the cylinder displacement, F0 and A are the force and

cylinder displacement oscillation amplitudes, respectively. The cylinder response in the synchronisation range can be

approximated by Eq. (6). This leads to some conclusions about the unique structural parameters defining the maximal

amplitude of vibration. Khalak and Williamson (1999) obtained a solution for the response amplitude and frequency

directly from Eqs. (1) and (6).

In the case of high m�z (where m� is the ratio between the mass of the structure and the mass of the displaced fluid)

the amplitude response has two branches—‘‘initial’’ and ‘‘lower’’—separated by a discontinuous mode transition. When

m�z is low, one more branch—‘‘ the upper branch’’—appears, corresponding to the higher response amplitude. In this

situation two modes of transition exist. The case of low m�z, the two mode transitions, the relationship with the forces,

wake vortex dynamics and wake velocity fields were studied by Govardhan and Williamson (2000, 2001).

Considering the case of low m�z, it has been found that the ‘‘initial’’ branch corresponds to the 2S mode of the wake,

and ‘‘lower’’ and ‘‘upper’ branches are associated with the 2P wake mode. Here 2S mode is the mode when two single

vortices are shed per cylinder oscillation cycle, and 2P is the mode when two pairs of vortices are formed per cycle. Both

modes have been observed by Brika and Laneville (1993) for the case of high values of the mass ratio.

The numerical study of fluid–structure interaction for objects of complex geometry involves some computational

issues. While flow around a single moving solid boundary in an infinite surrounding can be satisfactory represented

using a stationary body-fitted mesh, flows considering multiple objects or the presence of solid walls will require special

attention. Possible approaches include sliding or overlapping grids. However, these might lead to loss of accuracy and
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longer computational times. A possibility to avoid complex mesh structures and to be able to describe several objects

(deforming or nondeforming) moving relative to each other is to use a Virtual Boundary (VB) method, [e.g. Peskin

(1977), Shyy et al. (1998), Esmaeeli and Tryggvason (1998)]. This paper presents the results of numerical study of

vortex-induced vibration of elastically supported circular cylinders, confined in a rectangular channel, by using a VB

method. The purposes of this work are to investigate the effects of confinement on the cylinder motion and to study the

ability of VB method to handle fluid-solid structure interaction problems as well as the possibilities for further

development of this approach to be applied to aeroelasticity tasks.
2. Mathematical and numerical formulation

2.1. Governing equations

The time-dependent, three-dimensional equations governing isothermal, incompressible flow of a Newtonian fluid

can, in dimensionless form, be written as

qu�i
qx�i
¼ 0, (7)

qu�i
qt�
þ u�j

qu�i
qx�j
¼ �

qp�

qx�i
þ

1

Re

q
qx�j

qu�i
qx�j

. (8)

These equations are made nondimensional using the cylinder diameter and the inflow velocity as reference:

x� ¼
x

D
; t� ¼ t

U1

D
; u�i ¼

ui

U1
; p� ¼

p� p0

rU2
1

. (9)

For the system of Eqs. (7)–(8) the values of velocity should be imposed on all boundaries. At the inlet one can use a

predefined velocity profile, and in the outlet a velocity or velocity gradient. At other boundaries different velocity

boundary conditions may be used: no-slip—for solid walls, slip and periodical boundary conditions—for unconfined

domain. Due to the usage of a staggered grid, no boundary condition for pressure is needed. Instead, the global mass

conservation requirement is introduced.

In addition to the governing equations of the fluid motion (7) and (8), the cylinder motion equation should be solved

at every time step. In our calculations we used the nondimensionalisation procedure which is similar to the one used by

Shiels et al. (2001). However, our cylinder is short therefore we scale the structural parameters with the full cylinder

length, instead of formulating the equation per unit span:

x� ¼
x

D
; t� ¼ t

U1

D
; m� ¼

2m

rD2L
; b� ¼

2b

rU1DL
; k� ¼

2k

rU2
1L

, (10)

which leads to a similar form of dimensionless equation (5),

m� €x� þ b� _x� þ k�x� ¼ CxðtÞ, (11)

where the lift coefficient is defined in the classical way: CxðtÞ ¼ 2FxðtÞ=ðrU2
1DLÞ. In this case the natural frequency and

the reduced velocity can be written as oN ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k�=m�

p
U1=D and U� ¼ U1=ðoNDÞ ¼ 1=o�N , respectively. The

cylinder structure is assumed to be undamped, i.e. b� ¼ 0.

2.2. Flow solver

The system of incompressible Navier–Stokes equations (7) and (8) is discretised on a Cartesian grid. The variables,

velocity and pressure, are defined on a staggered grid. The velocity components are computed on the faces of control

volumes, the pressure is computed at the centre of the control volume. In this situation the boundary condition for

pressure is not needed. For discretisation the finite differences approach is used. The time integration is done by an

implicit second-order accurate scheme. To combine numerical efficiency with higher-order accuracy, we introduce the

higher order terms as a ‘‘single-step’’ defect correction (Gullbrand et al., 2001). One can show that for smooth problems

this procedure is adequate to maintain the theoretical accuracy of the high-order scheme. Hence, we obtain third-order

accuracy for convective terms and fourth-order for other terms. At each time step the system of equations is solved by

using a multi-grid solver. To reduce the number of cells, locally refined Cartesian grids are used in addition to uniform
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global grids, as shown by Fuchs and Zhao (1984). The relaxation procedure involves the point-wise relaxation

of the momentum equations coupled with point-wise smoothing of the continuity equation. Then both the velocity

vector and pressure are corrected to satisfy the continuity equation while residuals of the momentum equations are not

changed.
2.3. VB method

The VB method is based on the fact that the forces exerted on a body by the flow should equal the forces exerted on

the flow by the body. The source terms representing the action of the body on the fluid are added to the momentum

equation directly. The equations governing incompressible flow can then, in a nondimensional form, be written as

qu�i
qx�i
¼ 0, (12)

qu�i
qt�
þ u�j

qu�i
qx�j
¼ �

qp�

qx�i
þ

1

Re

q
qx�j

qu�i
qx�j
þ Fi, (13)

where Fi are the forcing terms that make the flow satisfy the ith boundary condition. The magnitudes of these source

terms are calculated based on the velocity defect, i.e. the deviation of the fluid velocity from the boundary velocity on

the surface of the boundary. The forcing terms are updated through the iterative procedure of the flow solver. In short

the method can be described by the following steps (a more detailed description is given by Revstedt (2004)):
(i)
 Discretisation of the surface: A two-dimensional grid is generated on the surface of the body, in such a way that the

node distance is smaller but of the same order of magnitude as the mesh spacing of the flow solver.
(ii)
 Determining the velocity defect: The velocity of the boundary is calculated using a Gaussian weighted average of the

flow velocities around the surface nodes,

u
f
i ¼

Z xþ2

x�2

Z Zþ2

Z�2

Z zþ2

z�2
u�i GF dxdZdz, (14)

where ðx; Z; zÞ is the boundary position normalised with the mesh spacing and GF is a Gaussian distribution

function

GF ¼
1

ðs
ffiffiffiffiffiffi
2p
p
Þ
3
e�ðx

2
þZ2þz2Þ=2s2 , (15)

where s is of the order of the computational grid size.
(iii)
 Calculating the force contribution: The force contributions on the surface nodes are calculated based on the

difference between the calculated velocity on the boundary and the boundary condition

Fn
i ¼ Fn�1

i þ DFn
i ; DFn

i ¼ a
u

f
i � ub

i

h2
, (16)

where h is the node distance of the computational grid.

With a desirable boundary velocity error accuracy one can calculate the new force distribution in the flow. Here ub
i

is the prescribed velocity of the boundary, n is an iteration number within one time step, a is a constant chosen to

ensure both numerical stability as well as optimal numerical convergence.
(iv)
 Distribution of the surface forces: The surface forces are distributed using the same Gaussian function as is used for

determining the boundary velocity. At the end of each time step after termination of the relaxations and calculation

of the force acting on the cylinder, the equation of motion for an undamped cylinder is solved.

m� €x� þ k�x� ¼ Cx. (17)

The right-hand side of Eq. (17) is determined by integrating the source term in the x-direction momentum equation

(13) over the whole volume O:

Cx ¼
2D

L

Z
O
Fx dO. (18)

Eq. (17) is solved by a fourth order Runge–Kutta method.
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3. Computational set-up
The computational domains and the structure of the local refinements, used in the simulations, are shown

schematically in Fig. 1. In the case of an unconfined cylinder the size of the computational domain is 12D, 4D and 20D

in the x-, y- and z-directions, respectively. For the confined flow the channel size is 6D and 10D in x- and z-directions,

respectively, and equal to the cylinder length in the y-direction, i.e. 2D, 4D or 8D. The cylinder is in all cases positioned

at a distance 4D from the inlet and is only allowed to move in the transversal direction (i.e. along the x-axis). In the inlet

a uniform velocity profile ðu�z ¼ 1; u�x ¼ u�y ¼ 0Þ is specified and at the outlet a zero velocity gradient condition is applied.

The outlet boundary condition is adjusted to satisfy the global mass conservation requirement. In the confined cases,

no-slip boundary conditions are set on the outer walls of the domain. For the unconfined cylinder periodic conditions

are used on the boundaries normal to the cylinder axis and free-slip conditions on the boundaries normal to the

direction of motion of the cylinder. For other domain faces and the cylinder surface, a no-slip boundary condition is

applied. The cylinder surface is defined using a VB method, as described above. The grid consists of several levels of

local refinements, leading to a resolution h ¼ D=16 close to the cylinder. The overall number of node points used is

about one million. The temporal resolution is set to have a CFL number about 0.2.
4. Results

4.1. Sensitivity to blockage and grid resolution

The effects of blockage have been investigated for the stationary unconfined cylinder in order to find a suitable

domain size. The distance between the boundaries parallel to the flow and the cylinder axis has been varied between 8

and 24 cylinder diameters and the grid resolution was set to h ¼ 0:0625. The blockage DA is defined as the ratio between

the projected area of the cylinder normal to the flow direction and the inlet area. Hence, the given variation of domain

height corresponds to blockages between 12:5% and 4:7%. Fig. 2 shows the average drag coefficient (CD) and the

nondimensional shedding frequency (St) for both Reynolds numbers. As can be seen, the influence of domain height on
z

y

x

10D

6D

20D

12
D

z

x

local grid
refinement

local grid refinement

Fig. 1. Geometry, coordinate system and location of grid refinements for confined (left) and unconfined (right) cylinders.
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Fig. 2. Mean drag coefficient and shedding frequency as a function of the area blockage, DA.
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these variables is minor already at DA ¼ 8:3%. The study of the influence of grid resolution was performed for the case

of 8:3% blockage. We consider the average drag coefficient and the nondimensional shedding frequency at three levels

of grid resolution (h ¼ D=8, D=16 and D=32). The results are presented in Fig. 3. Considering CD, the change when

going from h ¼ D=16 to D=32 is less than 2%. For the frequency the variation is somewhat higher (around 5%) for

Re ¼ 200. However, in the following we have chosen to use a domain size of 12D� 4D� 20D, i.e. a blockage of 8:3%
for the unconfined cylinder and a grid resolution h ¼ D=16 for all cases.
4.2. Boundary errors

The source terms F should act so that the boundary conditions (ub
i ) are satisfied on the nodes on the VB. As was

noted by Revstedt and Fuchs (2001), one will have an error in the boundary velocity (u
f
i ) which is dependent on the

method with which one determines the velocity on the boundary and the method for distributing the source terms back

to the flow field. The method used here (Eqs. (14)–(16)) is first-order accurate. Revstedt (2004) has shown that, by

employing a higher-order extrapolation method to determine the boundary velocity and by limiting the distribution of

source terms to the interior of the object, one can achieve second-order accuracy. However, that approach has been
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Fig. 3. Mean drag coefficient and shedding frequency as a function of the number of cells over one cylinder diameter, D=h.
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shown to be unstable for moving objects. To determine how well the boundary conditions on the cylinder surface are

fulfilled we consider the L2-norm of the difference between the fluid velocity and the boundary condition. Hence, the

error is defined as

�L2

i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

n¼1

ðu
f
i � ub

i Þ
2

vuut , (19)

where N is the total number of nodes on the VB.

Fig. 4 shows the time average of the L2-norm of the errors in boundary velocity in the x- and z-directions, �L2

i , as a

function of amplitude for the short confined cylinder. The errors increase somewhat with increasing amplitude, which of

course is related to the increasing speed of the cylinder. However, the errors are below 1:5% of the channel bulk

velocity.

The vortex-induced vibration of a single circular cylinder has been studied in the situation when the flow was confined

by a rectangular channel. Simulating the flow past a stationary circular cylinder in this configuration, we found that at

Re ¼ 400 the lift fluctuation has very periodical character and the wake is laminar.
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Fig. 5. Strouhal number of the vortex shedding as a function of Reynolds number for confined (L ¼ 2D) and free cylinders, compared

to empirical data.
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4.3. Stationary confined cylinder

We have studied flow around stationary cylinders, confined as well as unconfined, in the range 100pRep400. Fig. 5

shows the frequency of vortex shedding for both confined and unconfined flow around cylinders compared to the

experimental results by Norberg (2003). In this particular case the length of the confined cylinder is L ¼ 2D. One may

conclude that major effects of confinement on the flow are the higher shedding frequency and the later onset of the time

dependent wake. Hence, the confinement seems to have a damping effect on the flow. This is further illustrated in Fig. 6,

which shows the instantaneous velocity fields for confined and unconfined cylinders at Re ¼ 400. The iso-contours are a

l2-visualisation of the wake vortices. The l2-method, introduced by Jeong and Hussain (1995), is a method for
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Fig. 6. Snapshot of the velocity fields and l2 visualisation of the wake vortices at mid-span for: (a) a confined (L ¼ 2D) and (b) an

unconfined cylinder at Re ¼ 400.
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identifying vortices. By studying the eigenvalues of the tensor created by the sum of the squares of the symmetric and

antisymmetric parts of the velocity gradient tensor one can identify local pressure minima caused by a vortex core as

locations where two eigenvalues are negative. Hence, plotting iso-contours of negative values of the middle eigenvalue

(l2), one can visualise vortices. One can here clearly see that, in the confined case, the wake is narrower, the vortices are

stretched along the main flow direction and the vortex shedding occurs further downstream than in the unconfined case.

Furthermore, the confinement effect also results in higher mean drag and much lower value of lift fluctuation compared

to the unconfined flow. For the short (L ¼ 2D) confined cylinder at Re ¼ 400 we get the following values of mean drag,

lift fluctuations and shedding frequency f �0 ¼ f 0U=D : CD ¼ 1:47, CLrms ¼ 0:011 and f �0 ¼ 0:256. Corresponding values

for an unconfined cylinder are: CD ¼ 1:27, CLrms ¼ 0:27 and f �0 ¼ 0:195. Considering Fig. 5, Re ¼ 400 is the lowest

possible value that can be used in the confined cases.

4.4. Undamped vortex-induced vibration of cylinder

In all the simulations in the present work we have chosen to disregard damping, i.e. b� ¼ 0. This simplifies numerical

analysis of the problem without losing the main point of the study, which is to investigate the influence of confinement on the

cylinder motion and synchronisation. The study is conducted using a mass ratio m� ¼ p. The cylinder length, and

consequently also the distance between the side walls is varied. The results obtained are compared to those for an unconfined

cylinder. Mainly, the results will be presented as a function of the effective elasticity, as defined by Shiels et al. (2001):

k�eff ¼ k� � 4p2ðf �Þ2m�. (20)

In the case of regular cylinder response, the cylinder motion can be described by this single parameter. Having k�eff ¼ 0

corresponds to the resonance situation, f � ¼ f �N . Following the classical theory of lock-in one would expect to observe the

maximal oscillation amplitude at k�eff ¼ 0. However, at low mass ratios the influence of the added mass on the natural

frequency cannot be neglected. Therefore, we find, in agreement with recent experimental and numerical studies, a range of

k�eff where the maximal amplitude of cylinder oscillation has a relatively high value. It should be noted that the reduced

velocity decreases with increasing k�eff , as can be seen in Fig. 7.

4.4.1. Unconfined cylinder

Fig. 8, shows the amplitude A�, the cylinder oscillation frequency f � and drag coefficient as functions of the effective

elasticity for an unconfined cylinder at Re ¼ 100. For this case the high amplitude range is observed, implying a very

steep increase in the amplitude at k�eff ¼ 0.The range of k�eff , where amplitude has its maximum high value, is

approximately between �0:13 and 0:64. The frequency also undergoes dramatic chances at k�eff close to 0, first rapidly
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decreasing and then increasing. Beyond k�eff ¼ 0:64 the amplitude rapidly decreases, and the vibrational frequency tends

to a constant value close to the shedding frequency of a stationary cylinder. Also, note that the drag coefficient exhibits

a similar behaviour as the amplitude. Our results show good agreement with those obtained by Shiels et al. (2001),

except that our simulations predict a faster decay of the amplitude and somewhat higher mean drag coefficient. What

happens at k�eff close to zero is more clear if one plots the frequency and amplitude against the natural frequency, Fig. 9.

At low f �N the cylinder vibrates with a low amplitude and a frequency governed by the vortex shedding. As k� is

increased the frequency drops and locks-in to the natural frequency of the system. The two solid vertical lines in Fig. 9

indicate the boundaries of the lock-in range for Re ¼ 100 and the dashed lines the range for 400. Hence, the lock-in

range becomes somewhat wider with increasing Reynolds number. In this range the vibrational frequency is very close

to the natural one and the amplitude is gradually increased with increasing f �N (which corresponds to decreasing

reduced velocity). Beyond the lock-in range we again observe the steep decay in amplitude and that the frequency

approaches a constant value, which is similar to the shedding frequency for a stationary cylinder. Comparing the

amplitudes at Re ¼ 100 and 400, one observes no significant changes with Reynolds number. Considering the force

coefficient, the mean drag and drag fluctuations decrease with increasing Reynolds number, however, the lift

fluctuations seem unaffected by the change in Reynolds number (Fig. 10). An indication to what causes the significant

difference in drag fluctuations can be found by comparing the wake structures. Fig. 11 shows l2 visualisations of the

wake vortices for Re ¼ 100 and 400 at k� ¼ 5. For Re ¼ 100 the wake is essentially two-dimensional and very regular.

However, increasing the Reynolds number a longitudinal mode of fluctuations strongly affects the vortices (probably

mode B vortex shedding), causing the wake to be highly three-dimensional.

4.4.2. Confined cylinder

Fig. 12 depicts the amplitude of cylinder motion as a function of the effective elasticity. For the confined cases we find

no difference in amplitude in the lock-in range compared to the unconfined cases. However, for higher values of k�eff , the

amplitude is somewhat lower in the confined cases. Furthermore, the width of the lock-in range, in terms of k�eff , seems

to be independent of the confinement effect.

However, the major difference is in the frequency of motion. Both unconfined cases show similar behaviour, i.e. a

rapid change in frequency locking on to the natural frequency at the beginning of the synchronisation range and

thereafter a decay towards a constant value. The confined cases also show qualitatively similar behaviour as the

unconfined cases in the synchronisation range. Before and after this range the confined cases differ significantly from

the unconfined cases, which can be observed in Fig. 13. Taking a closer look at this phenomenon, we turn to Fig. 14

which shows the vibrational frequency as a function of the natural frequency of the structure (f �N ). In the post-

synchronisation range, the frequency of the very short cylinder (L ¼ 2D) increases monotonically with increasing spring
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stiffness (k�). In the case of a longer cylinder (L ¼ 4D) the curves bifurcate, with one branch going towards a constant

value of vibration frequency and the other increasing monotonically. In the synchronisation range (starting at f �N � 0:1
for the unconfined cases) f � � f �N , hence the slope of the solid line in Fig. 14 is very close to unity. Above the

synchronisation range the frequency drops off towards a constant value. However, for the short confined cylinder this

decrease is stopped at f �N � 0:325, corresponding to an elasticity coefficient, k� ¼ 12:75, and again starts to increase

linearly, but with f � � 0:85f �N . This value of the vibrating frequency is very close to the natural frequency in a still fluid.

Accounting for the added mass the natural frequency can be written as

f �A ¼
1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k�

m� þm�a

s
, (21)

where m�a is the nondimensional added mass. Using potential theory the added mass equals the mass of the displaced

fluid, i.e. m�a ¼ 1. With m� ¼ p the ratio between the natural frequencies in vacuum and in still fluid is

f �A
f �N
¼

ffiffiffiffiffiffiffiffiffiffiffi
p

pþ 1

r
� 0:87. (22)

Hence, for the very short cylinder (L ¼ 2D) the motion is governed by the natural frequency, even outside the

synchronisation range. It should be noted that this response is also found for the unconfined cylinders, however, only in

a very small range of k�. When doubling the length of the cylinder one will have both modes present, the one related to

the structural frequency and the one related to the vortex shedding frequency, with approximately equal strength. We

have not been able to find any pre-synchronisation range (high U�) for the confined cylinders in the sense that the

motion should be governed by the shedding frequency. As can be seen in Fig. 14, the motion is locked on to the natural

frequency even for very low values of spring stiffness.

Fig. 15 shows the Fourier transform of the time history of the cylinder position for lengths L ¼ 2D, 4D and 8D at

k� ¼ 17. The figure shows that both frequencies are present in all three cases. At L ¼ 2D the higher frequency

dominates and as the cylinder length is increased the lower frequency mode, which is related to the vortex shedding,

starts to dominate. Hence, for long confined cylinders the vibrational behaviour tends to the one observed for

unconfined cylinders, as would be expected. The value of the shedding frequency though, seems to be influenced only by

the blockage effect, i.e. the distance between the walls in the transversal direction. Further explanation to this

phenomenon can be found by considering the wake structure at different wall distances. Fig. 16 shows the l2
visualisations of the instantaneous vortex structures in the wake at L ¼ 2D, 4D and 8D. As can be seen the wake

structures are highly three-dimensional. At L ¼ 2D the vortices gets a ‘‘horse-shoe’’ form almost immediately after
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Fig. 11. l2 visualisation of the wake structure of the unconfined cases at k� ¼ 5 for Re ¼ 100 (left) and 400 (right).
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shedding. This is of course due to the velocity variations in the wall-normal direction. Increasing the length to L ¼ 4D

this effect is less pronounced but still clearly visible, and finally at L ¼ 8D we obtain a wake structure with very limited

wall effects and strongly affected by the second mode of vortex shedding, i.e. very similar to the unconfined case

(Fig. 11). Fig. 17 depicts the time histories of cylinder motion at several values of spring stiffness in the range 7pk�p30

for the short (L ¼ 2D) confined cylinder. In the synchronisation range (k� ¼ 73U� � 0:670) one observes a very

regular, high amplitude response which persists until the end of this range (k� ¼ 103U� � 0:560). Just beyond the

synchronisation range (k� ¼ 123U� � 0:512) the motion has a low frequency modulation. Further increasing the

stiffness, the response again becomes more regular with a temporary increase in amplitude around k� ¼ 15

(U� � 0:458), and thereafter a decreasing amplitude as the stiffness is increased (k� ¼ 303U� � 0:323).
The forces acting on the confined cylinder are depicted in Fig. 10. As for the unconfined cases, a large increase in

mean drag as well as drag and lift fluctuations is observed as the synchronisation range is entered. This is expected and

follows well the increase in vibration amplitude. Comparing the confined and unconfined cylinders at Re ¼ 400 one can

see that in the synchronisation range the mean drag and the drag fluctuations are larger in the confined case. However,

the differences in lift fluctuations are much smaller.
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5. Summary and conclusions

A VB method has been applied to the problem of flow-induced motion of an elastically mounted cylinder at moderate

Reynolds number. The results for an unconfined cylinder at Re ¼ 100 show good agreement concerning vibrational

amplitude, frequency and drag force and with the two-dimensional simulation data by Shiels et al. (2001).
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Comparing unconfined and confined flow around cylinders one can conclude the following.
�
 For stationary cylinders one obtains higher mean drag, higher shedding frequency and lower lift fluctuations

in the confined case. This is an effect of the blockage, i.e. the position of the walls in the transversal

direction.
�
 For moving cylinders at equal Reynolds numbers, the mean drag coefficient and the drag coefficient fluctuations

are lower in the unconfined case. In the confined cases the drag, both mean and fluctuating, is much closer

to the one obtained for an unconfined cylinder at Re ¼ 100. This is probably an effect of the presence of

the walls suppressing the longitudinal modes of vortex shedding, hence creating a more structured wake.

However, it should be noted that the effect on lift fluctuations is much smaller, and that the amplitude

of motion in the synchronisation range is unaffected by both confinement and a change in Reynolds

number.
�
 The upper boundary of the synchronisation range is mainly a function of Reynolds number, i.e. the range extends to

larger values of elasticity coefficient as the Reynolds number is increased. However, in the confined cases no lower

boundary was found. The cylinder motion was locked on to the natural frequency of the system even for very low

values of elasticity coefficient.
�
 For a very short cylinder L ¼ 2D, the motion is strongly influenced by the elasticity coefficient, even beyond

the synchronisation range. Here the cylinder is moving with a low amplitude and a frequency which is about 85% of

the natural frequency in vacuum. This value is found to be very close to the natural frequency in still fluid. This

range is also found for unconfined cylinders, however, in a much narrower range of elasticity, where it would

correspond to an initial branch response [e.g. Khalak and Williamson (1996)]. As the cylinder length is increased, the

mode related to the vortex shedding starts to dominate leading to a frequency of motion independent of the elasticity

coefficient.
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